We formulate a conjecture about the structure of 'upper lines' in the expansion of the colored Jones polynomial of a knot in powers of (q−1). The Melvin-Morton conjecture states that the bottom line in this expansion is equal to the inverse Alexander polynomial of the knot. We conjecture that the upper lines are rational functions whose denominators are powers of the Alexander polynomial. We prove this conjecture for torus knots and give experimental evidence that it is also true for other types of knots.
Ever since the discovery of the Jones polynomial, its relation to the objects of the classical topology, i.e. the fundamental group of a knot, remained somewhat of a mystery. An apparent similarity between the skein relations for the Jones and Alexander polynomials did not lead to a better understanding of this relation. Therefore the discovery by P. Melvin and H. Morton [9] of the inverse Alexander polynomial inside the (q − 1) expansion of the colored Jones polynomial was a very interesting development.
Let K be a knot in S 3 . We denote by J α (K; K) its colored Jones polynomial normalized in such a way that it is multiplicative under a disconnected sum and The coefficients of this expansion are polynomials of finite degree in α:
The coefficients D m,n (K) are rational invariants of the knot K. D. Bar-Natan [2] and J. Birman, X-S. Lin [4] showed that D m,n (K) were Vassiliev invariants of order n.
The following theorem was conjectured by P. Melvin and H. Morton [9] and later proved by D. Bar-Natan and S. Garoufalidis [3] (for a simple path integral proof see [12] ). The bound on the powers of α in the expansion (1.5) allows us to rearrange it in 'lines'
From the quantum field theory point of view, the nth line m≥0 D m,(n−1)+2m (αh) 2m is related to the n-loop contribution in the calculation of V α (K; K) as a Chern-Simons path integral over the SU(2) connections in the knot complement (see [12] for details).
The Taylor expansions (1.5), (1.9) and their link analogs played a key role in defining the 'perturbative' invariants of rational homology spheres (see a review in [15] and references therein) and in establishing their relation [14] to Ohtsuki's invariants [11] . The latter application prompted us to look for 'integrality' properties of the coefficients D m,n (K). We conjecture that this integrality can be exposed by an appropriate choice of expansion parameters in the series (1.5) and (1.9).
Let us introduce a new variable
We can express αh as a power series in z and h by expanding the r.h.s. of the equation
and z we get a new expansion of the Jones polynomial
The form of the substitution (1.11) suggests immediately that the bottom line in the expansion (1.9) does not change:
(1.14)
As a result, the second part of the Melvin-Morton conjecture (1.7) takes the form
We conjecture that the upper lines V (n) (K; z) satisfy the properties similar to those of (1.15) and (1.16). (1.12 ) is a rational function of z: It may happen that for some knots the polynomials P (n) (K; z) defined by eq. (1.18) would be divisible by powers of ∇ A (K; z). This means that for those knots a smaller power of ∇ A (K; z) could be placed in the denominator. Amphicheiral knots seem to present an example of such behavior. These are the knots which are isotopic to their mirror image.
If K ′ is the mirror image of K, then
This symmetry is not easily seen in the coefficients of expansion (1.12) because it transforms
rather than into −h. Therefore it is natural to try another expansion parameter
The symmetry (1.19) convertsh into −h and z into −z, so for amphicheiral knots
Since the relation between h andh involves fractional powers, it does not follow from the weak Conjecture 1.1 that the coefficientsd (n) m would also be integer for any knot. In fact, our numerical estimates show that some of the first coefficients for the knot 6 1 are fractional. However, for the amphicheiral knots only the even powers ofh participate in the expansion (1.21) due to eq. (1.23). Since the expansioñ 
(1.26)
Note that 3n + 1 ≤ 2(2n) + 1, 2(2n) + 1 being the power required by eq. (1.18), so the amphicheiral knots require a smaller power of the Alexander polynomial in denominators.
The integrality of the coefficients of the polynomials P (n) (K; z) gives us a hope that similarly to the denominator ∇ 2n+1 A (K; z), they may also have a direct interpretation in the framework of classical topology.
The weak Conjecture 1.1 has a 'practical' application: we will use it in [16] in order to derive a p-adic convergence of the series of perturbative invariants to the total WittenReshetikhin-Turaev invariant of rational homology spheres constructed by rational surgeries on a knot in S 3 .
In Section 2 we derive the strong Conjecture 1.2 for torus knots. In Section 3 we present experimental evidence that our conjectures are also true for other types of knots. In Section 4
we speculate about the possible explanation for the power of the Alexander polynomial in 
The Jones polynomial of torus knots
We denote a type (p, q) torus knot in S 3 as K p,q . An expression for its colored Jones polynomial was derived in [6] within the framework of the quantum Chern-Simons theory. The 5 (q − 1) expansion of the polynomial was studied in [10] and [1] . We derived the explicit expansion (1.9) for torus knots in eq.(A.4) of Appendix of [12] . In our notations there
We will rederive the formula of [12] in a slightly different way that will allow us to prove the conjectures of the previous section.
Lemma 2.1
The expansion (1.12) for a torus knot K p,q comes from the formula
3) , so that eq. (2.2) presents an expansion in powers of
Proof of Lemma 2.1. If K p,q is a torus knot, then the numbers p, q ∈ Z Z are coprime.
Therefore we can choose the numbers r, s ∈ Z Z in such a way that 
The 'quantum factor' for a rational surgery with the framing
was worked out by L. Jef-
here Φ U (p,q) is the Rademacher function: 9) and s(p, q) is the Dedekind sum:
we conclude that
We did not include the manifold framing correction because the surgery produces S 3 in the canonical framing. However we had to include the knot framing correction factor e because the torus knot is produced with the framing p, q.
7 By substituting eq. (2.8) in eq. (2.12) and using the relation 13) we arrive at the following formula for the colored Jones polynomial:
sign(pq)
4 2K|pq|
pq(α 2 −1)
(2.14)
The sum over β in this formula is completely similar to the sums in eqs. (2.8), (2.9) of [13] if we substitute there g = 0, n = 3,
We will not present the analysis of the large K asymptotics of the formula (2.14) since it is exactly the same as the one in Section 3 of [13] . We will rather use the final result expressed in eqs. 
8 2K|pq| The result will be precisely eq. (A.4) of [12] . We present that formula in a slightly different form. We use the formula (2.4) for the Alexander polynomial of the torus knot and by introducing a notation
we arrive at eq. (2.2). 2
The formula (2.2) proves half of the strong Conjecture 1.2 , namely, 
Lemma 2.2 For a torus knot
Proof of Lemma 2.3. We are going to absorb the factor pq by completing the square. We achieve this by introducing a new variable β ′ such that We kept β in the last factor of the integrand in this equation meaning that it is a function (2.24) of β ′ .
The last factor of the integrand in eq. (2.25) can be presented as a geometric series
here we used a notation 
(2.30)
Our immediate task is to expand this expression in powers of h with coefficients being hopefully rational functions ofq α 2 . Since p and q are coprime, at least one of them is odd.
It remains to treat the sum over n. Consider an expansion
Each term in the sum over m is a polynomial in n which takes integer values for n ∈ Z Z.
Therefore it can be presented as an integer linear combination of binomial polynomials
A binomial polynomial can be expressed as a derivative
We combine eqs. (
(1 + h)
we get
We see from this expression that a line V (n) (K p,q ; z) of the expansion (1.12) is a linear
of coefficients at monomials
in the expansion of
. A coefficient at h n 1 ǫ n 2 would have taken the form
(2.39) with some polynomial P n 1 ,n 2 ∈ Z Z q α 2 ,q 
guarantees that
Therefore we find that
By using eq. (2.4) we can rewrite this as
43)
Comparing this with eq. (2.20) we conclude thatP n q does not introduce any new fractions in the coefficients of the polynomials, the polynomial P (n) (K p,q ; z) of eq. (2.20)
can have only the divisors of p in denominators of its coefficients:
Since, according to Lemma 2.2, 
Since p and q are coprime, Z Z z 2 ,
and this proves the strong Conjec-
We used the formula (2.2) to calculate the polynomials P (n) (z), n = 1, 2, 3 for the simplest torus knots:
(2, 3) :
(2.45) (2, 5) : In this section we will present the results of numerical calculations of the coefficients d We checked the strong Conjecture 1.2 by using all available coefficients d (n) m in order to calculate 'approximate' polynomials P (n) appr by the formula
The results seem to confirm our conjecture, because the degree of P (n) appr appears to be limited: appr for the same amphicheiral knots were calculated by the formulã
As we see, they are also of a limited degree: 
